Fuzzy anti-norm and corresponding α-norms are defined. A few properties of finite dimensional fuzzy anti-normed linear space are studied. Fuzzy α-anti-convergence and fuzzy α-anticomplete linear space are defined and a few of their properties are studied.
Introduction
The theory of fuzzy sets was first introduce by Zadeh [12] in 1965. Thereafter the concept of fuzzy norm was introduced by Katsaras [8] in 1984. In 1992, Felbin [6] introduced the idea of fuzzy norm on a linear space. Cheng-Moderson [4] introduced another idea of fuzzy norm on a linear space whose associated metric is same as the associated metric of Kramosil-Michalek [10] . Bag and Samanta [2] modified the definition of fuzzy norm of Cheng-Moderson [4] and then studied different properties of fuzzy normed linear space..
In this paper, the definition of fuzzy anti-norm on a linear space introduced by Jebril and Samanta [1] , has been modified and then the Riesz lemma and a few important properties of finite dimensional fuzzy anti-normed linear space has been established. We define fuzzy α-anti-convergence, fuzzy α-anti-cauchy sequence, fuzzy α-anti-completeness and relations among them are studied.
Preliminaries
This section contains a few basic definitions and preliminary results which will be needed in the sequel. Remark 2.2 [9] . ( a ) For any r 1 , r 2 ∈ ( 0 , 1 ) with r 1 > r 2 , there exist r 3 ∈ ( 0 , 1 ) such that r 1 > r 4 ⋄ r 2 .
( b ) For any r 4 ∈ ( 0 , 1 ) , there exist r 5 ∈ ( 0 , 1 ) such that and r 5 ⋄ r 5 ≤ r 4 . Definition 2.3 [1] . Let U be a linear space over the real field F . A fuzzy subset N * of U × R such that for all x , u ∈ U and c ∈ F (N * 1) For all t ∈ R with t ≤ 0 , N * ( x , t ) = 1 ; (N * 2) For all t ∈ R with t > 0 , N * ( x , t ) = 0 if and only if x = θ;
Definition 2.4 [1] . Let N * be a fuzzy antinorm on U satisfying (N * 6).
Theorem 2.5 [1] . Let ( U , N * ) be a fuzzy antinormed linear space. Then { . * α : α ∈ ( 0 , 1 ) } is a decreasing family of norms on U.
Definition 2.6 [1] . Let ( U , N * ) be a fuzzy antinormed linear space. A sequence {x n } n in U is said to be convergent to x ∈ U if given t > 0 , r ∈ ( 0 , 1 ) there exist an integer n 0 ∈ N such that
Definition 2.7 [1] . Let ( U , N * ) be a fuzzy antinormed linear space. A sequence {x n } n in U is said to be a cauchy sequence if given t > 0 , r ∈ ( 0 , 1 ) there exist an integer n 0 ∈ N such that
Definition 2.8 [1] . A subset A of a fuzzy antinormed linear space ( U , N * ) is said to be bounded if and only if there exist t > 0 , r ∈ ( 0 , 1 ) such that 
3 Fuzzy Anti-normed Linear Space
In this section we modify the definition of fuzzy antinorm and deduce some important theorems. i) For all t ∈ R with t ≤ 0 , ν( x , t ) = 1 ; (ii) For all t ∈ R with t > 0 , ν( x , t ) = 0 if and only if x = θ; We further assume that for a fuzzy anti-normed linear space ( V , A * ),
is a continuous function of R and strictly decreasing on the subset { t : 0 < ν(x, t) < 1} of R. Remark 3.3 Let ν be a fuzzy anti-norm on V then ν(x, t) is non-increasing with respect to t for each x ∈ V .
Proof. Let t < s. Then k = s − t > 0 we have
Hence the proof. 
It is easy to verify that
Theorem 3.6 Let ( V , A * ) be a fuzzy antinormed linear space. Then
Proof. Obvious. 
To prove this theorem we use the following lemmas.
Lemma 3.8 Let ( V , A * ) be a fuzzy antinormed linear space satisfying (vi) and (vii). Also, if { · * α : α ∈ ( 0 , 1 ) } be ascending family of norms of V, defined by
Lemma 3.9 Let ( V , A * ) be a fuzzy antinormed linear space satisfying (vi) and (vii) and { · * α : α ∈ ( 0 , 1 ) } be ascending family of norms of V, defined by
Then for x 0 ( = θ) ∈ V , α ∈ ( 0 , 1 ) and s ( > 0 ) ∈ R,
From (1) and (2) it follows that ν ( x 0 , s ) = 1 − α. Thus
Next if ν ( x 0 , s ) = 1 − α , α ∈ ( 0 , 1 ) then from remark 3.3
Hence from (3) and (4) we have for α ∈ ( 0 , 1 ) , x ( = θ ) ∈ V and for s > 0 ,
Proof of the main theorem: Let ( x 0 , t 0 ) ∈ V × R and α ∈ ( 0 , 1 ) . To prove this theorem we consider the following cases:
It follows that, x 0 * α < t 0 , ∀ α ∈ ( 0 , 1 ), by (6) . Therefore,
Let, ν ( x 0 , t 0 ) = 1 − β , then from (8) we have
Using (9) from (7) we get, ν
Now from lemma 3.2 we have ν (
Thus from (10) and (11) we have ν ( 
and { . * α : α ∈ ( 0 , 1 ) } is an ascending family of α-norms on a linear space V . Now by applying Riesz lemma for normed linear space, it follows that for any ǫ > 0 there exist y ∈ V − W such that
Now, from theorem 3.7, for all α ∈ ( 0 , 1 ) we have
Hence the proof. Proof. ⇒ part : Let ( V , A * ) be a fuzzy antinormed linear space satisfying (vi) and (vii) and {x n } n be a sequence in V such that x n −→ x.
Now,
by (3.3). Since, t > 0 is arbitrary,
⇐ part : Next, we suppose that, x n − x * α −→ 0 as n −→ ∞ , ∀ α ∈ ( 0 , 1 ). Then for α ∈ ( 0 , 1 ) , ǫ > 0 there exist n 0 (α, ǫ) such that
Thus x n converges to x. Proof of the main theorem: It can be easily verified that { x :
. By applying Riesz lemma, it can be proved that if for some α ∈ ( 0 , 1 ) the set { x : x * α ≤ 1} is compact then V is of finite dimensional. Using lemma 3.4, it follows that, for some α ∈ ( 0 , 1 ), { x : ν ( x , 1 ) ≤ 1 − α} is compact then V of finite dimensional.
Fuzzy α-anti-convergence
In this section, the relations of fuzzy α-anti-convergence, fuzzy α-anti-cauchyness, fuzzy α-anti-compactness with their corresponding α-norms are studied and a few properties are derived.
Theorem 4.1 Let ( V , A
* ) be a fuzzy antinormed linear space satisfying (vi) and (vii) and { · * α : α ∈ ( 0 , 1 ) } be ascending family of norms of V, defined by
Then for any increasing
Let {α n } n be an increasing sequence in ( 0 , 1 ) such that α n converges to α in ( 0 , 1 ). Let x * αn = s n and x * α = s Then, ν ( x , s n ) = 1 − α n and ν ( x , s ) = 1 − α.
Since { · * α : α ∈ ( 0 , 1 ) } is increasing family of norms and {s n } n is increasing sequence of real numbers and bounded above by s. Hence {s n } n is convergent. Thus,
From (5.1) and (5.2) we have, ν ( x , lim
Similarly, if {α n } n is a decreasing sequence in ( 0 , 1 ) and α n converges to α in ( 0 , 1 ) then it can be easily shown that x Theorem 4.2 Let ( V , A * ) be a fuzzy antinormed linear space and { · * α : α ∈ ( 0 , 1 ) } be ascending family of norms of V satisfying ( viii ). Let, ν be fuzzy antinorm on V defined by
. Thus
Form (20) and (21) we get, x
, ∀ x ∈ V and ∀ α ∈ ( 0 , 1 ), Definition 4.3 Let ( V , A * ) be a fuzzy antinormed linear space and α ∈ ( 0 , 1 ). A sequence {x n } n in V is said to be fuzzy α-anti-convergent in ( V , A * ) if there exist x ∈ V such that for all t > 0, Proof. Let {x n } n be a fuzzy α-anti-convergent sequence and suppose it converges to x and y in V . Then for all t > 0 ,
Taking limit we have
Theorem 4.5 Let ( V , A * ) be a fuzzy antinormed linear space satisfying (vi). If {x n } n be a fuzzy α-anti-convergent sequence in ( V , A * ) such that x n converges to x. Then x n − x * α −→ 0 as n → ∞.
Proof. Since {x n } n be a fuzzy α-anti-convergent sequence, suppose it converges to x, then for all t > 0 , lim
Definition 4.6 Let ( V , A * ) be a fuzzy anti-normed linear space and α ∈ ( 0 , 1 ). A sequence {x n } n in V is said to be fuzzy α-anti-cauchy sequence if Proof. Let {x n } n be a fuzzy α-anti-convergent sequence and it converging to x. Then lim
Hence {x n } n is a fuzzy α-anti-cauchy sequence in ( V , A * ) .
Note 4.8 Every constant sequence in a fuzzy antinormed linear space
Proof. Obvious. Proof. Choose α 0 ∈ ( 0 , 1 ) arbitrary but fixed. Let, {y n } n be a cauchy sequence in V with respect to · * α 0
. Then
Then for any given ǫ ( > 0 ) there exist a positive integer n 0 (ǫ) such that y n − y n+p * α 0 < ǫ , ∀ n ≥ n 0 (ǫ) and p = 1, 2, 3, · · · . ⇒ ∧ { t > 0 : ν ( y n − y n+p , t ) ≤ 1 − α 0 } < ǫ . ⇒ there exist t( n , p , ǫ ) < ǫ such that ν ( y n − y n+p , t( n , p , ǫ ) ) ≤ 1 − α 0 , ∀ n ≥ n 0 (ǫ) and p = 1, 2, 3, · · · . ⇒ ν ( y n − y n+p , ǫ ) ≤ 1 − α 0
Since ǫ ( > 0 ) is arbitrary, lim n → ∞ ν ( y n − y n+p , t ) ≤ 1 − α 0 , ∀ t > 0 ⇒ {y n } n is fuzzy α 0 -anti-cauchy sequence in ( V , A * ) . Since, α 0 ∈ ( 0 , 1 ) is arbitrary, every cauchy sequence in ( V , A * ) is fuzzy α-anti-cauchy sequence in ( V , A * ) for each α ∈ ( 0 , 1 ) . Proof. Choose α 0 ∈ ( 0 , 1 ) arbitrary but fixed. Let, {y n } n be a cauchy sequence in V with respect to · * α 0
. then it follows that {y n } n is fuzzy α 0 -anti-cauchy sequence in ( V , A * ) . ) is fuzzy anti-complete. Since, α 0 is arbitrary, ( V , · * α ) are complete.
Future Work
In our future work, our goal is to develop the concepts of different types of fuzzy anti-continuities and fuzzy anti-boundedness of linear operator and the relations among them.
